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Can we then also say that ?
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Can we then also say that ? → YES

1st property
Chapter 29

2nd property

Levine, W. S. (1996). The control 
handbook. CRC press.
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𝜎(𝑆)
=

1

𝜎( 𝐼 + 𝐺𝐻 −1)
= 𝜎 𝐼 + 𝐺𝐻

→𝜎 𝐺𝐻 − 1 ≤ 𝜎 𝐼 + 𝐺𝐻 ≤ 𝜎 𝐺𝐻 + 1

𝜎 𝐺𝐻 − 1 ≤
1

𝜎(𝑆)
≤ 𝜎 𝐺𝐻 + 1
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𝜎(𝑆)
=

1

𝜎( 𝐼 + 𝐺𝐻 −1)
= 𝜎 𝐼 + 𝐺𝐻

→ 𝜎 𝐺𝐻 − 1 ≤ 𝜎 𝐼 + 𝐺𝐻 ≤ 𝜎 𝐺𝐻 + 1

𝜎 𝐺𝐻 − 1 ≤
1

𝜎(𝑆)
≤ 𝜎 𝐺𝐻 + 1
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It seems like here we
show the maximum and
minimum performance
and to achieve these
performance, we have to
make a change of
coordinates to be in the
direction of these
singular values.



Meaning of the zeros in a MIMO system
Transmission zeros→ explain my understanding when time
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Levine, W. S. (1996). The control
handbook. CRC press, chap. 24
Provides also information about pole-zero
cancellation



3 dof model with 3 inputs and 4 outputs
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Study SVD decomposition

Compare isolation performance using
SVD and with a decentralized control



SVD decomposition for a lxm matrix
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SVD decomposition for a lxm matrix
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SVD decomposition for a lxm matrix

Here, we have 4 outputs and 3 inputs but we are in a 3 
dof system

→ the system is fully controllable and fully
observable

We are going to decompose the system at the crosseover
frequency (around 10 Hz)
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Performance indicator 1: 
Condition number

What does « large » condition 
number mean?

Ex. 3.5: 𝛾 𝐺 > 100 and they say
that this problem is ill- conditioned.
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Performance indicator 1: 
Condition number

What does « large » condition number mean?
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Levine, W. S. (1996). The
control handbook. CRC
press, chap. 3

In the field of numerical analysis, the condition
number of a function with respect to an
argument measures how much the output
value of the function can change for a small
change in the input argument. This is used to
measure how sensitive a function is to changes
or errors in the input, and how much error in
the output results from an error in the input.

A problem with a low condition number is said
to be well-conditioned, while a problem with a
high condition number is said to be ill-
conditioned.
From wikipedia



Performance indicator 2: 
singular values of the open loop

12

𝐻𝑠𝑣𝑑 = 𝑉−𝐻 𝑓0 𝐻𝑈−1 𝑓0
Where H is a 3x4 negative
identity matrix, i.e. the last
column contains only zeros.

Minimum performance



Performance indicator 2: 
singular values of the open loop
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Maximum performance



Non-square systems approach

Previous approaches in the literature have solved
this problem (non square system) by (1) squaring the
system by discarding some inputs or by adding new
outputs, or (2) by utilizing some inputs for
input/output (I/O) linearization and the remaining
inputs for minimizing cost.
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Kolavennu, Soumitri. "ROBUST NONLINEAR CONTROL OF
NONSQUARE MULTIVARIABLE SYSTEMS." Dynamics and
Control of Process Systems 2001 (DYCOPS-6): A
Proceedings Volume from the 6th IFAC Symposium, Jejudo
Island, Korea, 4-6 June 2001. Vol. 1. Pergamon, 2001.



Design of the controller
Controller = - g*eye(3,4)  plant = inv(U)G inv(VH)
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Design of the controller
Controller = - g* inv(VH) Lead(3,4) inv(U)
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Design of the controller
Controller = - g* inv(VH) Lead(3,4) inv(U)
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Design of the controller

The gain is different depending on the singular value
direction → we should normalize the three transfer
functions by their static gain

1. Compute SVD at the crossover frequency
𝑈, 𝑆, 𝑉 = 𝑠𝑣𝑑(𝑠𝑦𝑠𝑡𝑒𝑚 10 𝐻𝑧 )

2. Compute the static gain
𝑐𝑛𝑜𝑟𝑚 = |𝑈−1𝑠𝑦𝑠𝑡𝑒𝑚 0 𝐻𝑧 𝑉−𝐻|

3. Normalize the controller

𝑔𝑎𝑖𝑛𝑀𝑎𝑡𝑟𝑖𝑥 =

1/𝑐𝑛𝑜𝑟𝑚(1,1) 0 0
0 1/𝑐𝑛𝑜𝑟𝑚(2,2) 0
0 0 1/𝑐𝑛𝑜𝑟𝑚(3,3)

0
0
0
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Design of the controller
Controller = - 100*gainMatrix
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Design of the controller
Controller = - 100*gainMatrix
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Design of the controller

H = −100

𝐿𝑒𝑎𝑑1/𝑐𝑛𝑜𝑟𝑚(1,1) 0 0
0 𝐿𝑒𝑎𝑑2/𝑐𝑛𝑜𝑟𝑚(2,2) 0
0 0 𝐿𝑒𝑎𝑑3/𝑐𝑛𝑜𝑟𝑚(3,3)

0
0
0
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Performance
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Half sum
𝑥1 + 𝑥2

2

Half difference
𝑥1 − 𝑥2

2

Horizontal ground
motion

Vertical ground
motion (left leg)

Vertical ground
motion (right leg)



Old slides
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Design of the controller
Controller = - g*[1 0 0 0; 0 10 0 0; 0 0 1 0 ]  plant = inv(U)G inv(VH)
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Design of the controller

Controller = - g* inv(VH) 

𝐿𝑒𝑎𝑑1
0

0 0
10 𝐿𝑒𝑎𝑑2 0

0
0

0 𝐿𝑒𝑎𝑑3
0 0

inv(U)
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Design of the controller
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Design of the controller
SVD of the real approximation of the plant at 10 Hz
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• The controller is exactly the same as the one
designed for the complex plant

• The phase shift of the plant due to the fact that the
SVD is done above the resonance frequency is also
there→minus sign is needed

• Gershgorin radius: how to apply it in case of non
square matrix? → couldn’t find the paper cited by
Mohit  + couldn’t find any paper applying this to
non-square systems



Design of the controller
SVD of the real approximation of the plant at 10 Hz
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