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1 Introduction

The Cubic configuration for the Stewart platform was first pro-
posed by Dr. Gough in a comment to the original paper by Dr.
Stewart [1]. This configuration is characterized by active struts
arranged in a mutually orthogonal configuration connecting the
corners of a cube, as shown in Figure 1(a).

Typically, the struts have similar length to the cube’s edges,
as illustrated in Figure 1(a). Practical implementations of such
configurations can be observed in Figures ??, ?? and 2??. It is also
possible to implement designs with strut lengths smaller than the
cube’s edges (Figure 1(b)), as exemplified in Figure ??.

(b) Alternative configuration

Figure 1 Typical Stewart platform cubic architectures in
which struts’ length is similar to the cube edges’s length ((a))
or is taking just a portion of the edge ((b)).

Several advantageous properties attributed to the cubic config-
uration have contributed to its widespread adoption [2—4]: simpli-
fied kinematics relationships and dynamical analysis [2]; uniform
stiffness in all directions [5]; uniform mobility [6, , chapt.8.5.2];
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and minimization of the cross coupling between actuators and sen-
sors in different struts [3]. This minimization is attributed to the
fact that the struts are orthogonal to each other, and is said to fa-
cilitate collocated sensor-actuator control system design, i.e., the
implementation of decentralized control [2,7].

These properties are examined in this section to assess their rel-
evance for the nano-hexapod. The mobility and stiffness properties
of the cubic configuration are analyzed in Section 2. Dynamical
decoupling is investigated in Section 3, while decentralized con-
trol, crucial for the NASS, is examined in Section 4. Given that
the cubic architecture imposes strict geometric constraints, alter-
native designs are proposed in Section 5. The ultimate objective is
to determine the suitability of the cubic architecture for the nano-
hexapod.

2 Static Properties

2.1 Stiffness matrix for the Cubic architecture. Consider
the cubic architecture shown in Figure 2(a). The unit vectors cor-
responding to the edges of the cube are described by equation (1).
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Coordinates of the cube’s vertices relevant for the top joints,
expressed with respect to the cube’s center, are shown in equation

Q).

r L €1
~ N V2 N _ V2
by =b,=H, %ﬁ ., b3=bs=H, % ,
L 2 2
()
=2
- - V2
bs=bs=H:| 0
i
L2

In the case where top joints are positioned at the cube’s ver-
tices, a diagonal stiffness matrix is obtained as shown in equation
(3). Translation stiffness is twice the stiffness of the struts, and
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(b) Cube’s portion

Figure 2 Cubic architecture. Struts are represented in blue.
The cube’s center by a black dot. The Struts can match the
cube’s edges ((a)) or just take a portion of the edge ((b))

rotational stiffness is proportional to the square of the cube’s size
H..
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However, typically, the top joints are not placed at the cube’s
vertices but at positions along the cube’s edges (Figure 2(b)). In
that case, the location of the top joints can be expressed by equation
(4), yet the computed stiffness matrix remains identical to Equation

3.

b; = b; +as )

The stiffness matrix is therefore diagonal when the considered
{B} frame is located at the center of the cube (shown by frame
{C}). This means that static forces (resp torques) applied at the
cube’s center will induce pure translations (resp rotations around
the cube’s center). This specific location where the stiffness matrix
is diagonal is referred to as the “Center of Stiffness” (analogous to
the “Center of Mass” where the mass matrix is diagonal).

2.2 Effect of having frame {B} off-centered. When the ref-
erence frames {A} and {B} are shifted from the cube’s center,
off-diagonal elements emerge in the stiffness matrix.

Considering a vertical shift as shown in Figure 2(b), the stiffness
matrix transforms into that shown in Equation (5). Off-diagonal
elements increase proportionally with the height difference between
the cube’s center and the considered {B} frame.
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This stiffness matrix structure is characteristic of Stewart plat-
forms exhibiting symmetry, and is not an exclusive property of
cubic architectures. Therefore, the stiffness characteristics of the
cubic architecture are only distinctive when considering a reference
frame located at the cube’s center. This poses a practical limita-
tion, as in most applications, the relevant frame (where motion is
of interest and forces are applied) is located above the top platform.

It should be noted that for the stiffness matrix to be diagonal, the
cube’s center doesn’t need to coincide with the geometric center
of the Stewart platform. This observation leads to the interesting
alternative architectures presented in Section 5.

2.3 Uniform Mobility. The translational mobility of the Stew-
art platform with constant orientation was analyzed. Considering
limited actuator stroke (elongation of each strut), the maximum
achievable positions in XYZ space were estimated. The resulting
mobility in X, Y, and Z directions for the cubic architecture is
illustrated in Figure 3(a).

The translational workspace analysis reveals that for the cubic
architecture, the achievable positions form a cube whose axes align
with the struts, with the cube’s edge length corresponding to the
strut axial stroke. These findings suggest that the mobility pat-
tern is more subtle than sometimes described in the literature [8],
exhibiting uniformity primarily along directions aligned with the
cube’s edges rather than uniform spherical distribution in all XYZ
directions. This configuration still offers more consistent mobility
characteristics compared to alternative architectures illustrated in
Figure ??.

The rotational mobility, illustrated in Figure 3(b), exhibits
greater achievable angular stroke in the R, and R, directions com-
pared to the R, direction. Furthermore, an inverse relationship
exists between the cube’s dimension and rotational mobility, with
larger cube sizes corresponding to more limited angular displace-
ment capabilities.

3 Dynamical Decoupling

This section examines the dynamics of the cubic architecture
in the Cartesian frame which corresponds to the transfer function
from forces and torques F to translations and rotations X of the
top platform. When relative motion sensors are integrated in each
strut (measuring L), the pose X is computed using the Jacobian
matrix as shown in Figure 4.

3.1 Low frequency and High frequency coupling. As de-
rived during the conceptual design phase, the dynamics from ¥ to
X is described by Equation (??). At low frequency, the behavior
of the platform depends on the stiffness matrix (6).

X
FU®) — K (6)
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In Section 2, it was demonstrated that for the cubic configura-
tion, the stiffness matrix is diagonal if frame {B} is positioned at
the cube’s center. In this case, the “Cartesian” plant is decoupled
at low frequency. At high frequency, the behavior is governed by
the mass matrix (evaluated at frame {B}) (7).
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(a) Mobility in translation
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(b) Mobility in rotation

Figure 3 Mobility of a Stewart platform with Cubic architec-
ture. Both for translations ((a)) and rotations ((b))
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Figure 4 Typical control architecture in the cartesian frame

Figure 5 Cubic stewart platform with top cylindrical payload
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To achieve a diagonal mass matrix, the center of mass of the
mobile components must coincide with the {B} frame, and the
principal axes of inertia must align with the axes of the {B} frame.

To verify these properties, a cubic Stewart platform with a cylin-
drical payload was analyzed (Figure 5). Transfer functions from
to X were computed for two specific locations of the {B} frames.
When the { B} frame was positioned at the center of mass, coupling
at low frequency was observed due to the non-diagonal stiffness
matrix (Figure 6(a)). Conversely, when positioned at the center
of stiffness, coupling occurred at high frequency due to the non-
diagonal mass matrix (Figure 6(b)).
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(b) {B} at the cube’s center

Figure 6 Transfer functions for a Cubic Stewart platform ex-
pressed in the Cartesian frame. Two locations of the { B} frame
are considered: at the center of mass of the moving body ((a))
and at the cube’s center ((b)).

3.2 Payload’s CoM at the cube’s center. An effective strat-
egy for improving dynamical performances involves aligning the
cube’s center (center of stiffness) with the center of mass of the
moving components [9]. This can be achieved by positioning the
payload below the top platform, such that the center of mass of the
moving body coincides with the cube’s center (Figure 7(a)). This
approach was physically implemented in several studies [4,10].
The resulting dynamics are indeed well-decoupled (Figure 7(b)),
taking advantage from diagonal stiffness and mass matrices. The
primary limitation of this approach is that, for many applications
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including the nano-hexapod, the payload must be positioned above
the top platform. If a design similar to Figure 7(a) were employed
for the nano-hexapod, the X-ray beam would intersect with the
struts during spindle rotation.
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(a) Payload at the cube’s center
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(b) Fully decoupled cartesian plant

Figure 7 Cubic Stewart platform with payload at the cube’s
center ((a)). Obtained cartesian plant is fully decoupled ((b))

3.3 Conclusion. The analysis of dynamical properties of the
cubic architecture yields several important conclusions. Static de-
coupling, characterized by a diagonal stiffness matrix, is achieved
when reference frames {A} and {B} are positioned at the cube’s
center. Note that this property can also be obtained with non-
cubic architectures that exhibit symmetrical strut arrangements.
Dynamic decoupling requires both static decoupling and coinci-
dence of the mobile platform’s center of mass with reference frame
{B}. While this configuration offers powerful control advantages,
it requires positioning the payload at the cube’s center, which is
highly restrictive and often impractical.

4 Decentralized Control

The orthogonal arrangement of struts in the cubic architecture
suggests a potential minimization of inter-strut coupling, which
could theoretically create favorable conditions for decentralized
control. Two sensor types integrated in the struts are considered:
displacement sensors and force sensors. The control architecture
is illustrated in Figure 8, where K ; represents a diagonal transfer
function matrix.

The obtained plant dynamics in the frame of the struts are com-
pared for two Stewart platforms. The first employs a cubic archi-
tecture shown in Figure 5. The second uses a non-cubic Stewart
platform shown in Figure 9, featuring identical payload and strut
dynamics but with struts oriented more vertically to differentiate it
from the cubic architecture.
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Figure 8 Decentralized control in the frame of the struts.

Figure 9 Stewart platform with non-cubic architecture

4.1 Relative Displacement Sensors. The transfer functions
from actuator force in each strut to the relative motion of the struts
are presented in Figure 10. As anticipated from the equations of
motion from f to L (2?), the 6 X 6 plant is decoupled at low
frequency. At high frequency, coupling is observed as the mass
matrix projected in the strut frame is not diagonal.

No significant advantage is evident for the cubic architecture
(Figure 10(b)) compared to the non-cubic architecture (Figure
10(a)). The resonance frequencies differ between the two cases
because the more vertical strut orientation in the non-cubic ar-
chitecture alters the stiffness properties of the Stewart platform,
consequently shifting the frequencies of various modes.

4.2 Force Sensors. Similarly, the transfer functions from ac-
tuator force to force sensors in each strut were analyzed for both
cubic and non-cubic Stewart platforms. The results are presented
in Figure 11. The system demonstrates good decoupling at high
frequency in both cases, with no clear advantage for the cubic
architecture.

4.3 Conclusion. The presented results do not demonstrate the
pronounced decoupling advantages often associated with cubic ar-
chitectures in the literature. Both the cubic and non-cubic con-
figurations exhibited similar coupling characteristics, suggesting
that the benefits of orthogonal strut arrangement for decentralized
control is less obvious than often reported in the literature.

5 Cubic architecture with Cube’s center above the top
platform

As demonstrated in Section 3, the cubic architecture can exhibit
advantageous dynamical properties when the center of mass of the
moving body coincides with the cube’s center, resulting in diagonal
mass and stiffness matrices. As shown in Section 2, the stiffness
matrix is diagonal when the considered {B} frame is located at
the cube’s center. However, the {B} frame is typically positioned
above the top platform where forces are applied and displacements
are measured.

This section proposes modifications to the cubic architecture
to enable positioning the payload above the top platform while
still leveraging the advantageous dynamical properties of the cubic
configuration.

Three key parameters define the geometry of the cubic Stewart
platform: H, the height of the Stewart platform (distance from fixed
base to mobile platform); H,, the height of the cube, as shown in
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(b) Cubic architecture (b) Cubic architecture
Figure 10 Bode plot of the transfer functions from actuator Figure 11 Bode plot of the transfer functions from actuator
force to relative displacement sensor in each strut. Both fora force to force sensor in each strut. Both for a non-cubic archi-
non-cubic architecture ((a)) and for a cubic architecture ((b)) tecture ((a)) and for a cubic architecture ((b))
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Figure 2(a); and Hcopy, the height of the center of mass relative
to the mobile platform (coincident with the cube’s center).

Depending on the cube’s size H, in relation to H and Hconm,
different designs emerge. In the following examples, H = 100 mm
and HCnM =20mm.

5.1 Small cube. When the cube size H,. is smaller than twice
the height of the CoM Hcomr (8), the resulting design is shown in
Figure 12.

Hc < 2IiC(}M (8)

This configuration is similar to that described in [11], although
they do not explicitly identify it as a cubic configuration. Ad-
jacent struts are parallel to each other, differing from the typical
architecture where parallel struts are positioned opposite to each
other.

This approach yields a compact architecture, but the small cube
size may result in insufficient rotational stiffness.

(a) Isometric view
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(b) Side view

(c) Top view

Figure 12 Cubic architecture with cube’s center above the top
platform. A cube height of 40mm is used.

5.2 Medium sized cube. Increasing the cube’s size such that
(9) is verified produces an architecture with intersecting struts (Fig-
ure 13).

2I_IC()M <H:< 2(I{COM + H) (9)

This configuration resembles the design proposed in [12], al-
though their design is not strictly cubic.
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(a) Isometric view
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(b) Side view

(c) Top view

Figure 13 Cubic architecture with cube’s center above the top
platform. A cube height of 140mm is used.
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5.3 Large cube. When the cube’s height exceeds twice the
sum of the platform height and CoM height (10), the architecture
shown in Figure 14 is obtained.

2([{C()M + H) <H,

10)

(a) Isometric view

.

WINAS N

(b) Side view

(c) Top view

Figure 14 Cubic architecture with cube’s center above the top
platform. A cube height of 240mm is used.

5.4 Platform size. For the proposed configuration, the top
joints b; (resp. the bottom joints a;) and are positioned on a
circle with radius Rp; (resp. Rg;) described by Equation (11).

[3
— 2 2
Ry, =\ SHE +2HE

Ry = \/%Hg +2(Hcom + H)?

(11a)

(11b)
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Since the rotational stiffness for the cubic architecture scales
with the square of the cube’s height (3), the cube’s size can be de-
termined based on rotational stiffness requirements. Subsequently,
using Equation (11), the dimensions of the top and bottom plat-
forms can be calculated.

Conclusion

The analysis of the cubic architecture for Stewart platforms
yielded several important findings. While the cubic configuration
provides uniform stiffness in the XYZ directions, it stiffness prop-
erty becomes particularly advantageous when forces and torques
are applied at the cube’s center. Under these conditions, the stiff-
ness matrix becomes diagonal, resulting in a decoupled Cartesian
plant at low frequencies.

Regarding mobility, the translational capabilities of the cubic
configuration exhibit uniformity along the directions of the orthog-
onal struts, rather than complete uniformity in the Cartesian space.
This understanding refines the characterization of cubic architec-
ture mobility commonly presented in literature.

The analysis of decentralized control in the frame of the struts
revealed more nuanced results than expected. While cubic archi-
tectures are frequently associated with reduced coupling between
actuators and sensors, this study showed that these benefits may be
more subtle or context-dependent than commonly described. Un-
der the conditions analyzed, the coupling characteristics of cubic
and non-cubic configurations, in the frame of the struts, appeared
similar.

Fully decoupled dynamics in the Cartesian frame can be
achieved when the center of mass of the moving body coincides
with the cube’s center. However, this arrangement presents practi-
cal challenges, as the cube’s center is traditionally located between
the top and bottom platforms, making payload placement problem-
atic for many applications.

To address this limitation, modified cubic architectures have
been proposed with the cube’s center positioned above the top
platform. Three distinct configurations have been identified, each
with different geometric arrangements but sharing the common
characteristic that the cube’s center is positioned above the top
platform. This structural modification enables the alignment of
the moving body’s center of mass with the center of stiffness,
resulting in beneficial decoupling properties in the Cartesian frame.
ASME Technical Publications provided the format specifications
for the Journal of Mechanical Design, though they are not easy
to reproduce. It is their commitment to ensuring quality figures
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review the presentation of their figures.
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